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Abstract. This work presents a numerical laminar study of conjugate heat transfer of air flow in a rectangular channel 
with conductive and internal energy generating sources placed on the channel bottom wall. The finite element method 
is applied to approximate solutions to the conservation equations in terms of stream function, temperature, and 
vorticity. This work aims to analyze the temperature and velocity fields, and the heat transfer in terms of Nusselt 
number. Some geometric and physical parameters are considered as follows: Grashof number from 0 to 106, Prandtl 
number equal to 0.7, Reynolds number from 10 to 1000 and diffusivities from 3 to 100, three source heights and 
channel inclinations of 00, 450 and 900.As it is expected, some recirculations and thermal wake appeared due to the 
presence of the heat generating bodies. The effect of the inclination angle study showed that the horizontal channel 
position presented a lower average Nusselt number for the first and third bodies. However, for body 3, this difference 
was much more significant. There was no significant difference in Nu between 45o and 900 for body 3. 
  
Keywords: mixed convection, internal heat generation, protruding heat sources, finite element method 

 
1. INTRODUCTION 

 
The heat transfer study inside channels and cavities have brought about works in the scientific academy due to their 

applications such as cooling of electronic component that must work within allowable temperature limits in order to 
guarantee more appropriate functioning. For instance, electronic component miniaturization may lead to higher heat 
transfer rates. In literature, one can find many studies that were carried out experimentally and numerically concerning a 
better understanding of heat and fluid flow in order to enhance removal of heat generated in operating components.  

It is worth mentioning that food industry, heat exchangers, nuclear reactors, chemical process equipment, heating 
systems, environmental control systems, among others, are applications where heat transfer phenomenon always 
demands better understanding in order to improve their thermal performance. 

Mikhailenko et al. (2018) studied the convective-radiative heat transfer in passive cooling systems for electronic 
devices inside rotating cavities with local heat-generating elements. Such analysis provided optimal parameters in order 
to decrease the working temperature of the heated unit. The cavities have horizontal and vertical walls are adiabatic and 
uniformly cold, respectively. A mathematical model was developed using the stream function, vorticity and temperature 
variables. It was approximated by the finite difference method. It was shown the influence of surface emissivity, Taylor 
number, and Ostrogradsky number on streamlines, isotherms, average Nusselt number, fluid flow rate and average 
temperature inside the heater. It has been found that in the case of heat generating and heat-conducting element the 
periodicity in fluid flow intensity and heat transfer rates could be observed after a lot of complete revolutions. The 
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increase in surface emissivity essentially reduced the average temperature inside the heated element, while an intensive 
rotation also provided lower temperature in the heated body. 

Xu et al. (2016) carried out an experimental work to control temperature distribution in high-power electronic 
devices with multiple heating elements that require temperature uniformity within a range for an optimal performance. 
The apparatus consisted of a computer-controlled pump, a multi-channel heat sink for multi-zone cooling, and sensors 
to measure temperature and pressure drop. The structure design targeted a minimum pumping power with a uniform 
temperature distribution as well as a low peak temperature, especially for a non-uniform initial heat flux or temperature 
condition. 

Kuznetsov and Maksimov (2016) conducted an experimental investigation of mixed convection of a gas in a 
rectangular enclosure with a local heat source. Heat was removed through outer boundaries.  The experiments have 
shown that a system providing a thermal regime in a closed space with a mixed convection can be self-regulated. It was 
established that an intensification of the heat generation in such a space leads to the transformation of the vortex 
structures that form over the energy source and carry heat to the periphery of the space. The larger the power of the 
energy source, the higher the velocity of the gas flow and the larger the dimensionless heat-transfer coefficient (the 
Nusselt number) at the entire air–fencing wall interfaces. The dependence between these two characteristics is 
nonlinear. It should be noted that all the investigations were performed for the regime of purely convective heat 
exchange without regard for the possible radiation heat transfer. In the case of highly intense heat generation, the 
temperature of the gas increases. As a result, the contribution of the radiative heat flow to the total heat flow can 
increase, which plays a decisive role in some regimes. This hypothesis is supported by the fact that the heat transfer in 
gas–particles–imitators system intensifies in the case of illumination of this system by a powerful light source. 

Muthtamilselvan et al. (2014) investigated the effect of space and temperature dependent heat generation/absorption 
on an unsteady laminar boundary layer flow of viscous, incompressible, radiating and electrically conducting fluid over 
a vertical stretching permeable surface. Magnetic field and buoyancy forces were considered. By applying similarity 
analysis, the governing partial differential equations were transformed into a set of non-linear coupled ordinary 
differential equations that were solved by Runge-Kutta-Fehlberg method along with shooting technique. One of the 
main conclusions was that the value of the local Nusselt number decreases with increasing buoyancy parameter and 
Prandtl number. Nevertheless, the Nusselt number increases by increasing the following: magnetic parameter, variable 
thermal conductivity parameter, heat generation parameter and thermal radiation parameter. 

Guimarães and Menon (2011) studied the effect of mixed convection of air in a rectangular channel having flushed 
heat sources. Three distinct situations are carried out: i) one heat source, where Reynolds and Grashof numbers, and 
inclination angle are varied. For this case, it was observed that the inclination angle has a more significant effect on 
Nusselt number lower Reynolds numbers. There was no expressive difference in Nusselt number for angles of 45o and 
90o. The second situation considers 2 heat sources in horizontal rectangular channels where the distance between them 
is varied as well as Reynolds number (1≤Re≤1000), and Grashof number (103, 104 e 105). It is observed heat wakes 
strongly interfere on the second body in terms of weakening heat transfer as the distance between the sources is 
decreased.  The third situation with three heat sources equally spaced is studied being that the heat transfer is strongly 
influenced by the channel inclination for low Reynolds numbers. 

Bautista and Méndez (2006) conducted an analytical and numerical work to study the heat transfer in a rectangular-
channel in order to cool a discrete heat source within it. A constant and uniform volumetric heat generation is provided 
by a heated strip embedded in a substrate. The governing equations for the refrigerant fluid and solid domains are 
reduced to an integral-differential equation. It was shown that the heat transfer process in this conjugate problem was 
controlled by a parameter that determines the regime between the refrigerant and the discrete heat source. 

This work aims to study numerically the mixed convection inside a channel with three discrete conductive heat 
sources with internal heat generation. The finite element method is used to approximate solutions considering steady 
and non-steady laminar and two-dimensional regime.  It brings analysis on distributions of dimensionless   variables 
such as streamline (ψ ), vorticity (ω ) and temperature (θ ). In addition, local and average Nusselt numbers are 
calculated in terms of geometrical and thermal parameters to give the heat transfer gradient on the interface surface 
between the solid and fluid domains. In addition to this, maximal ad average temperatures are obtained on the same 
surfaces where Nusselt number is calculated. The geometrical parameters that are investigated are the body heights 
(HB = 0.075, 0.1, and 0.15) and the channel inclinations 0o, 45o, and 90o .Some physical parameters are investigated: 
Reynolds number from 10 to 1000, the Grashof number from 1 to 106, Prandtl number equals 0.7 (air), diffusivities ratio 
(solid/fluid) from 10 to 100. 

 
2. PROBLEM DESCRIPTION AND MATHEMATICAL MODELING 

 
The problem consists of: i) a fluid domain ( fΩ ), and ii) a solid domain ( sΩ ), where mixed convection and 

conduction take place, respectively.   
Figure 1 depicts the geometry of a channel with length A and height 1. Air enters S1 with constant and uniform 

profiles of velocity u0, pressure p0, and low temperature Tc. S2 and S3 are adiabatic, except on the locations where three 
heat-generating bodies are placed on S2. These protruding bodies have width B and height HB. Air exits the channel on 
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S4. S5 is the interface surface between the solid and fluid domains. Not only the body height (HB), but also, the channel 
inclination (α) is varied as mentioned before. The channel is featured by: the dimensionless channel length ( A = 6.5); 
the body width (B = 0.5); position of the first, second and third bodies are, respectively, X1 = 0.5; X2 = 1.0, X3 = 1.0; 
and X4 = 2.5. 

 
 

 
 
 

Figure 1. Geometry, surfaces, and domains. 
 
The problem is carried out under the following conditions: 
 
a) For the fluid domain ( fΩ ) 
- transient regime; 
- two-dimensional and laminar flow; 
- incompressible flow; 
- viscous dissipation function is neglected; 
- constant fluid physical properties ( f f f p f f f, , ,c , ,kρ µ ν α ), where fµ is the dynamics viscosity, fν is the 

kinematics viscosity, p fc  is the specific heat at constant pressure, fα  is the thermal diffusivity, and fk is the thermal 
conductivity, and fρ is the constant density, except the density in the buoyancy terms where the Boussinesq 
approximation is applied. 

- no internal heat generation in the fluid. 
  
b) For the solid domain ( sΩ  - u and v are zero) 
 - transient regime; 
- constant physical solid properties ( s ps sρ , c , k ), where sρ is the density ; psc is the specific heat at constant 

pressure, and sk  is the thermal conductivity; 
- there is internal heat generation. 
 
In order to reduce the number of parameters and to generalize the numerical approximation, the conservation 

equations are rewritten in the dimensionless form by using the following dimensionless parameters: 
 

o

o

u t x y u, X , Y , U ,
H H H u

τ = = = = c
2

o f 0

T Tv pV , P , θ
u ΔTρ u

−
= = = ; B = b/H (1) 

where the dimensional quantities are: time (t); fluid velocities in x (u) and y (v) directions, body width (b)temperature 
(T), pressure (p), gravity acceleration (g), volumetric expansion coefficient ( β ), the reference temperature ( cT ) and the 
channel inclination angle (α ), and the dimensionless quantities are: time ( τ ), velocities U and V in X and Y 
directions, respectively, pressure (P), temperature( θ ), body width (B) and T∆  is given by: 

   BODY 3 
 

   BODY 2 
 

   BODY 1 
 

H 
 

HB 
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2

f

q HT
k

∆
′′′

=  (2) 

where q′′′  is the volumetric energy generation rate. 
 

The dimensionless conservation equations are, therefore, given by the following: 
 

a) For the fluid domain ( fΩ ): 
 

Dimensionless mass conservation equation: 
 

U V 0
X Y

∂ ∂
∂ ∂

+ =  (3) 

 
Dimensionless momentum conservation equation: 
 

2 2

2 2

U U U P 1 U UU V Ri sen
X Y X Re X Y

∂ ∂ ∂ ∂ ∂ ∂ θ α
∂ τ ∂ ∂ ∂ ∂ ∂

 
+ + = − + + + 

 
 (4) 

 
2 2

2 2

V V V P 1 V VU V Ri cos
X Y Y Re X Y

∂ ∂ ∂ ∂ ∂ ∂ θ α
∂ τ ∂ ∂ ∂ ∂ ∂

 
+ + = − + + + 

 
 (5) 

 
Dimensionless energy conservation equation: 

 
2 2

2 2

1U V
X Y Pr Re X Y

∂ θ ∂ θ ∂ θ ∂ θ ∂ θ
∂ τ ∂ ∂ ∂ ∂

 
+ + = + 

 
 (6) 

 
where Re is the Reynolds number, Ri is the Richardson number, Pr is the Prandtl number, and Gr is the Grashof number 
given by: 
 

3
o

2 2
f f

u H Gr g T HRe , Ri , Gr
Re

β ∆
ν ν

= = = , f f pf f f pf

f f f

c c
Pr

k k
ν µ ρ ν
α

= = =  (7) 

 
b)  For the fluid domain ( sΩ ): 

 
Dimensionless energy conservation equation: 

 
2 2

2 2

D S
Pr Re X Y

∂ θ ∂ θ ∂ θ
∂ τ ∂ ∂

 
= + + 

 
 (9) 

 
s

f S ps o

α q'''H DD= , S= =
α ρ c u ΔT Pr Re

 (10) 

 
f

f
f pf

k
c

α
ρ

= ; s
S

S pS

k
α

ρ c
=  (11) 

where D is diffusivity ratio of solid and fluid, S is the dimensionless energy generation in the solid domain and α s is 
solid diffusivity and α f is the fluid diffusivity 

 
The stream function ψ and vorticity ω  are defined as: 
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U
Y

∂ ψ
∂

=  and V
X

∂ ψ
∂

= −  (12) 

 
V U
X Y

∂ ∂ω
∂ ∂

= −  (13) 

 
After substituting these definitions into the dimensionless conservation equations, one can write the conservation 

equations in terms of stream function and vorticity as follows: 
 

2 2

2 2 0
X Y

∂ ψ ∂ ψ ω
∂ ∂

+ + =  (14) 

 
2 2

2 2

1 Ri cos Ri sen
Re X Y Y X X YX Y

∂ ω ∂ ω ∂ ψ ∂ ω ∂ ψ ∂ ω θ θ ∂ ωα α
∂ ∂ ∂ ∂ ∂ τ∂ ∂

    ∂ ∂
+ + − + − =    ∂ ∂  

 (15) 

 
2 2

2 2

1
Pr Re X Y Y XX Y

∂ θ ∂ θ ∂ ψ ∂ θ ∂ ψ ∂ θ ∂θ
∂ ∂ ∂ ∂ ∂τ∂ ∂

   
+ + − =   

  
 (16) 

  
The energy equation is the same for the solid domain. 

  
The initial and boundary conditions are given by: 

 
i) initial conditions ( 0τ = ): 

 
0θ = , 0ψ ω= = (on Ω  ) (17) 

 
ii) boundary conditions ( 0τ > ): 

 
0θ = , Yψ = , 0ω = (on S1) (18a) 

 

0
n

∂ θ
∂

= , 0ψ = , Mω ω= (on S2)  (18b) 

 

0
n

∂ θ
∂

= , 1ψ = , Mω ω= (on S3), (18c) 

 

0
n n n

∂ θ ∂ ψ ∂ ω
∂ ∂ ∂

= = = (on S4),  (18d) 

 
The average Nusselt numbers is given by: 
 

c cL L

L S
c c0 0 S

1 1 1Nu Nu dS dS
L L n

θ
θ

∂
= =

∂∫ ∫ , (19) 

 
where cL is the dimensionless length of the line that refers to the interface surface between solid and fluid.  
 
3. VALIDATION, MESH INDEPENDENCY AND TIME STEP STUDY 

 
This section is extensively found in the work of Pinto (2016).  Only main aspects are shown here due to a matter of 

space. 
The finite element method is used to approximate solutions to the problem. Two validations were carried out.The 

first one is a two dimensional laminar and incompressible flow in a backward-step channel, and the second one is a 
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rectangular channel with two-dimensional, laminar, and incompressible flow heated from below. The results were 
contrasted with experimental and numerical ones, resulting in excellent agreement. 

Also, a thorough mesh independency study is performed taking into account different bodies heights, where the 
average Nusselt numbers, maximum and average temperatures are investigated. The number of elements varied from 
about 4000 to 14000. The maximum deviation noted was 1.47% from the previous mesh with about 13000 elements. 
This study is not found here. 

Many time steps were considered. The dimensionless time-step ∆τ =10-3 was chosen to run the remaining 
simulations in this work.  

 
4. RESULTS 

 
Figure 2 presents the average Nusselt number, NuB, on bodies 1 (a) and 3(b), versus Grashof number for HB = 0.075, 

0.1, and 0.15, Pr =0.7, Re = 100, D = 5 and α = 0o. All bodies are placed following the dimensionless geometrical 
parameters: L = 6.5; B = 0.5; X1 = 0.5; X2 = 1.0, X3 = 1.0; and X4 = 2.5, and H = 1.  NuB increases for all heights as Gr 
increases. However, if one fixes Gr to one value up to 3.105, NuB in body 1 is the highest for HB = 0.150 and the lowest 
for HB = 0.075. This behavior comes to be the opposite for Gr ≥ 8.105 and the three bodies present a more significant 
difference in Nusselt number. This happens due to for high Gr, buoyancy forces are predominant and even more 
predominant for bigger bodies since the energy generation is a volumetric effect. Also, bodies for HB = 0.15 may 
stimulate recirculation that can impair heat exchange. Case (b) does not show this behavior and the Nusselt numbers for 
all three heights tend to be the same. It is worth mentioning that body 3 faces a thermal wake that body 1 does not, 
leading to lower Nusselt numbers. 

 

Gr0 2x105 4x105 6x105 8x105 106

NuB1

6

8

10
HC = 0,075
HC = 0,100
HC = 0,150

Pr = 0,7
Re = 100

D = 5
a = 0o

Gr0 2x105 4x105 6x105 8x105 106

NuB3

4

6
HC = 0,075
HC = 0,100
HC = 0,150

Pr = 0,7
Re = 100

D = 5
a = 0o

 
Figure 2. Average Nusselt number on bodies 1(a) and 3(b), NuB3, versus Grashof number, Gr. 

 
Figure 3 pictures the average Nusselt number, NuB, on bodies 1, 2, and 3 versus Re for Pr = 0.7, HB = 0.075, 

Gr = 105, D = 5, and α = 0o. As it is expected, NuB on body 1 is higher due to it is the first hot body to meet to cold fluid 
which is entering the channel. One can observe that, interestingly, NuB2 and NuB3 are quite the same. One may expect to 
have lower Nu on downstream bodies in an asset like this, but they are almost equal. In fact, it depends on the distance 
between bodies, Re, and Gr, which interfere in this thermal wake that leads to heating of subsequent hot bodies. 

 

Re
10 100 1000

NuB

0

5
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Body 1
Body 2
Body 3
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Figure 3. Average Nusselt number, Nu, versus Re for Pr = 0.7, HB = 0.075, Gr = 105, D = 5, and α = 0o. 
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Figure 4 denotes the effect of diffusivity, D  = 3,  5, 10, 50, and 100 on NuB for bodies 1 (a) and 3(b), respectively, 

and Gr = 105, HB = 0.075, Re = 100, and α =0o. An increase in D means an increase of the solid diffusivity, and hence, 
the temperature field and thermal gradients inside the solid body are reduced and tends to be more uniform due to heat 
transfer rate resistance. This effect intensifies the heat exchange between the solid and fluid.  This is valid for every 
Grashof number range used in this work. 

 

Gr105 106

NuB1
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8
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18
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HC = 0,075
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a = 0o

 
Figure 4. Average Nusselt number on body 1 (a) and 3(b), NuB1, versus Gr for D = 3, 5, 10, 50, and 100, α = 0. 

 
The effect of the inclination angle may be observed in Figs. 5 versus Gr for bodies 1(a) and 3(b), respectively, for 

α = 0o, 45o and 90o, Pr = 0.7, Re = 100, HB = 0.150 and D = 5. In Fig.5(a), the horizontal channel position presents a 
lower NuB for every Gr and both bodies. However, for body 3, this difference is much more significant. In Fig. 5(b), 
there is no significant difference in Nu between 45o and 900. 

Gr
105 106
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6
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9
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5

6
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HB = 0,150

Re = 100
D = 5

5x104 3x105

 

Figure 5. Average Nusselt number on body 1(a) and 3(b), NuB1, versus Gr for D = 5, α = 0o, 45o, and 90o. 

 
Figure 6 depicts the dimensionless temperature (θ) distribution on bodies 1, 2 and 3 for HB = 0,150, Re = 500, 

Pr = 0.7, Gr = 105, D = 5, and α =0o. The maximum temperature found is 0.082 on body 3, as it was previously 
mentioned. 

Figures 7 shows the isotherms and stream functions for Re = 100, 300, 500, 1000, Pr = 0.7, D = 5, α = 0o, HB = 0.15, 
τ = 20, and Gr = 106.  For the cases studied, there was no quasi-periodic behavior in time. The least favorable case is for 
Re = 100. In this case, there is a strong reversal flow in the upper part of the channel. For higher Re (Re>100), this 
situation is softened due to stronger forced velocities that impairs recirculation and formation of convective plumes in 
the regions just above the bodies, and thus, facilitating the cooling of the bodies and hence presenting lower 
temperatures. 
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Figure 6. Dimensionless temp. (θ) on bodies 1, 2, and 3 for Re = 500, Pr = 0.7, Gr = 105, D = 5, α =0o, and HB = 0.150. 
 

 

 

 

 

 
 

Figure 7 – Dimensionless temperature field θ, stream function ψ , for HB = 0.150,   Pr = 0,7; D = 5, α  = 0, Gr = 106. 
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Figure 8 denotes the behavior of flow and of temperature for different body heights for Re = 100, D = 5, α = 0o and 
Gr = 106. A recirculation appears in the upper part of the channel and it tends to weaken, as there are higher bodies. 
Higher bodies promote smaller channel section. Since the mass flow has to be conserved, one expects higher velocities 
for higher HB. Interestingly, Fig. 2b shows that the case with HB = 0.10 in Fig. 8 presents a slightly higher heat transfer. 

a)  

b)  

c)  
 

Figure 8. Temperature and streamlines for different body heights for Re = 100, D = 5, α = 0o and Gr = 106. 
 

5. CONCLUSION 
 
This work numerically studied a conjugate heat transfer of airflow in a rectangular channel with 3 conductive and 

internal energy generating sources placed on the channel bottom wall. Some geometric and physical parameters were 
considered as follows: Grashof number from 0 to 106, Prandtl number equal to 0.7, Reynolds number from 10 to 1000 
and diffusivities from 3 to 100, three source heights (0.075, 0.1, and 0.15) and three channel inclinations (00, 450 and 
900). Some results were extensively validated and a mesh independency technique was used. In addition, a time step 
study was carried out. For  Pr =0.7, Re = 100, D = 5 and α = 0o, NuB increased for all heights as Gr increased, as it was 
expected. However, if one fixes Gr to one value up to 3.105, NuB in body 1 was the highest for HB = 0.150 and the 
lowest for HB = 0.075. This behavior came to be the opposite for Gr ≥ 8x105 , and the three bodies presented a more 
significant difference in Nusselt number. For high Gr, buoyancy forces were predominant and even more predominant 
for bigger bodies since the energy generation is a volumetric effect. Also, bodies for Hc = 0.15 might have stimulated 
recirculatoins that could impair heat exchange. For Pr = 0.7, HB = 0.075, Gr = 105, D = 5, and α = 0o, NuB on body 1 
was higher since it is the first hot body to meet to cold fluid entering the channel. Interestingly, NuB2 and NuB3 were 
quite the same for this case. It was expected to have lower Nu on downstream bodies in an asset like this, but they were 
almost equal. In fact, the distance between bodies, Re, and Gr interfered in the thermal wake that led to heating of 
downstream hot bodies. The effect of the inclination angle study for α = 0o, 45o and 90o, Pr = 0.7, Re = 100, HB = 0.150 
and D = 5 showed that the horizontal channel position presented a lower NuB for every Gr and both bodies, 1 and 3. For 
body 3, this difference was much more significant. There was no significant difference in Nu between 45o and 900 for 
body 3. For Re = 100, 300, 500, 1000, Pr = 0.7, D = 5, α = 0o, HB = 0.15, τ =20, and for Gr = 105 and 106, there was no 
quasi-periodic behavior in time. The least favorable case was for Re = 100 and Gr = 106. In this case, there was a strong 
reversal flow in the upper part of the channel. 
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